Introduction
Different matrix formulations have been developed to investigate the elastic-wave propagation in a multilayered solid, which have been widely used in the fields of seismology, ocean acoustics (Pao et al., 2000) , and non-destructive evaluation (Lowe, 1995) , etc. Transfer matrix (TM) method (Haskell, 1953; Thomson, 1950) , as one of the most important matrix formulations, yields a simple configuration and efficient computational ability to facilitate its wide application in many research fields. Stiffness matrix (SM) method (Rokhlin & Wang, 2002; Wang & Rokhlin, 2001 ) has been proposed to resolve the inherent computational instability for the large product of frequency and thickness in TM method. The SM formulation utilizes the stiffness matrix of each sublayer in a recursive algorithm to obtain the stacked stiffness matrix for the multilayered solid. However, the SM formulation is difficult to identify the generalized-ray propagation in the multilayered solid. In order to evaluate the transient wave propagation in the multilayered solid, Su, Tian, and Pao (Su et al., 2002; Tian & Xie, 2009; Tian et al., 2006) presented reverberation-ray matrix (RRM) formulation. Introducing the local scattering relations at interfaces and the phase relations in sublayers, a system of equations is formulated by a reverberation matrix R , which can be automatically represented as a series of generalized ray group integrals according to the times of reflections and refractions of generalized rays at interfaces. Each generalized ray group integral containing k R represents the set of K times reflections and transmissions of source waves arriving at receivers in the multilayered solid, which is very suitable to automatic computer programming for the simple multilayered-solid configuration. However, the dimension of the reverberation matrix will increase as the number of the sublayers increases, which may yield the lower calculation efficiency of the generalized-ray groups in the complex multilayered solid (Tian & Xie, 2009) . In order to increase the calculation efficiency of the generalized-ray groups, Tian presented the reverberation-transfer matrix (RTM) and generalized reverberation matrix (GRM) formulations, respectively. In RTM formulation, RRM formulation is applied to the interested sublayer for the evaluation of the generalized rays and TM formulation to the other sublayers, to construct a RTM of the constant dimension, which is independent of the sublayer number. However, the RTM suffers from the inherent numerical instabilities particularly when the layer thickness becomes large and/ or the frequency is high. GRM formulation is to integrate RRM and SM formulations. The RRM formulation is applied to the interested sublayer for the evaluation of the generalized rays and SM formulation to the other sublayers, to construct a generalized reverberation matrix of the constant dimension, which is independent of the sublayer number. GRM formulation has the higher calculation efficiency and numerical stabilities of the generalized rays in the complex multilayered-solid configuration. In this chapter, in order to facilitate the wide application of RRM, RTM, and GRM formulations, we compare them clearly to show their difference and applicability.
RRM formulation
Here, we only consider in-plane wave propagation in a laminate containing N isotropic sublayers impacted by the vertical force f(t,x) on the top surface of the laminate. In RRM formulation, the interfaces between sublayers are expressed by capital letters ,, IJ . Two 
the application of the boundary conditions yields scattering relation at interface J 
where the phase matrix P is a 4N×4N diagonal matrix. H is a 4N×4N matrix composed of only one element whose value is one in each line and each row and others are all zero. 
RTM and GRM formulations
In RTM and GRM formulations, assuming that the receiver is in the sublayer IJ, the laminate can be partitioned into three layers, which includes layers 0I, IJ, and JN as shown in Fig.2 . If the receiver is in the top or bottom sublayer, the laminate will be partitioned into two layers, which includes layers 01, and 1N, or 1(N-1) and (N-1)N, respectively. 
If we stack all the local amplitude vectors of the arriving and departing waves as
, the global scattering relation can be denoted as
where S and s are the global scattering matrix and source matrix, respectively. Since both a and d are unknown quantities, an additional equation related to a and d must be provided. 
where 
Using the above recursion, we obtain the displacement-stress relation between interfaces 0 and I,
( 1) 01
The displacements and stresses at interface I in the local coordinate ( )
, − II xy can be denoted as ( )
Here, ( )
represent the displacements and stresses at the same position but in the different local coordinate systems, which have the following relation as,
where
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(1 ) 01 0 (1 ) 01 is the phase matrix of layer 0I, and I is a 2×2 identity matrix. Similarly, the phase relation of the arriving and departing waves in layer JN can be denoted as
(1 ) ( 1 )
GRM formulation
In layer 0I or JN, stiffness matrix formulation is adopted to describe the relations of wave amplitudes between interfaces 0 and I or interfaces J and N. 
where I  II  I  I  I  II  I  II   I   II  II  I  I  II  II  II  I  II .
The displacements and stresses at interface I in the local coordinate system ( )
, − II xy can be denoted in the local coordinate system ( )
,
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. Substitution of Eqs. (25) and (26) 
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Separation of Eq. (28) into the wave-amplitude vectors of the arriving and departing waves results in
(1 ) 01 0 (1 ) 01
is the phase matrix of layer 0I. Similarly, the phase relation of the arriving and departing waves in layer JN can be denoted as
Expansion of generalized-ray groups
The unknow amplitude vectors a and d in RRM, RTM, and GRM formulations yields
where R = SPH is reverberation matrix. Once d and a are known, the transformed displacements can be denoted as
The transient displacements can be expressed by applying the inverse transforms 
where the double integrals can be evaluated by fast Fourier transform (FFT) formulation (Tian & Xie, 2009 ).
Comparisons and discussions
Equation (31) shows that RRM, RTM, and GRM formulations have the same expression of reverberation matrix R. In RTM and GRM formulations, the dimension of R is in general 12 × 12, which is independent of the sublayer number. If the receiver is in the top or bottom sublayer, reverberation matrix has the order of 8 × 8. However, R in RRM formulation is a 4N × 4N matrix, which means that the calculation efficiency of RRM formulation will decrease as the sublayer number increases. Each term of the double integral in Eq.(34) containing R k are defined as a generalized ray group. In RRM formulation, a generalized ray group represents the set of k times reflections and transmissions of the source waves by all interfaces arriving at receivers at (x,y). When k=0, the genralized ray group shows the waves from sources to the receivers directly without any reflection or refraction, which are called as source waves. Here, every generalized ray group contains a series of generalized rays, and the number of generalized rays increases exponentially with the increase of the number of layer and the reflection or refraction times. However, In RTM and GRM formulations, a generalized ray group represents the set of the generalized rays arriving at receiver (x,y) with k times of reflections and transmissions by interfaces 0, I, J, and N. In RTM formulation, the reverberation matrix R has the inherent computational instability for the large product of frequency and thickness, which means that RTM formulation only can be applied to the investigation of low-frequency wave propagation in the multilayered solid. However, RRM and GRM can promise the numerical stability for the large product of frequency and thickness. In the following, we validate the calculation efficiency of RRM and GRM formulations. Here, we consider the transient vertical displacement at the receiver A (h 01 /2, h 01 /2) in the top subalyer of a laminate containing N sublayers of the same thickness h, density ρ , and Table I shows that the calculation time for GRM formulation increases much smaller than that for RRM formulation as the times of reflection or transmission k increases. The influence of the sublayer number N on the calculation time of the vertical displacement at the receiver A for the eighth generalized ray group is shown in Table II . For the small N, the time consuming for GRM and RRM formulations are almost the same. Compared with GRM formulation, the calculation time for RRM formulation increases remarkably as the sublayer number N increases, which yields the lower calculation efficiency. 
Conclusions
In conclusion, we present the formulations of the reverberation-ray matrix, reverberationtransfer matrix, and generalized reverberation matrix clearly. Their comparison shows that the application of the RRM formulation to the receiving sublayer and the SM and TM formulations to the other sublayers in the GRM and RTM methods yields a generalized reverberation matrix of the constant dimension, which is independent of the sublayer number. But RTM has the numerical instability for the large product of frequency and thickness, which means that it is only suitable for the low-frequency response in the multilayered solids. The numerical examples show that the calculating time for transient wave propagation in GRM formulation increases much smaller than that for RRM formulation as the times of reflection or transmission k and the sublayer number N increase, which promises the higher calculation efficiency of the generalized rays in the complex multilayered configuration compared with RRM formulation.
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